a r t i c l e i n f o a b s t r a c t
Introduction
In ZF, i.e., Zermelo-Fraenkel set theory without AC (the axiom of choice), the category Top of topological spaces and continuous maps is well-behaved: The forgetful functor U : Top → Set is topological and thus U is adjoined and coadjoined and Top is complete and cocomplete. Thus in particular Top has products and coproducts (= sums). Moreover, a full isomorphism-closed subcategory A of Top is epireflective in Top (resp. in Haus, the full subcategory of Hausdorff spaces) iff it is closed under the formation of products and subspaces (resp. closed subspaces). Cf. [2, Theorem 0.5]. Likewise A is (mono)coreflective in Top iff it is closed under the formation of sums and quotients (and contains a non-empty space). Unfortunately, the following statements concerning products and sums may fail: Prod: If (X i ) i∈I and (Y i ) i∈I are families of topological spaces such that each X i is homeomorphic to the corresponding Y i , then i∈I X i is homeomorphic to i∈I Y i .
Sum:
This statement is obtained from Prod by replacing the products i∈I X i and i∈I Y i by the sums i∈I X i and i∈I Y i .
In this paper we will provide necessary and sufficient conditions for Prod resp. Sum resp. some variants of these to hold true. 
Products
Denote the projections of these products by π i , let q be the element of i∈I Y * i with π i (q) = 0 for each i ∈ I , and let p = (p i ) be the element of i∈I X * i with h(p) = q.
Assume on the contrary that there exists some i 0 ∈ I with
and |K | |B| this contradicts ( * ). Hence the claim is established, and so i∈I X i = ∅. 2 Remark 1.4. Observe that it follows from the above proof (in ZF as well as in ZFC) that for each infinite set I there exists a set X such that the I th power of the Alexandroff one-point compactification of the discrete space X fails to be homogeneous.
In ZFC any X with |I| < |X| will do. For the latter result compare [1] . Proposition 1.5. Equivalent are:
1. CProd(comp T 2 ), i.e., Prod restricted to countable families of compact Hausdorff spaces.
2. CC, i.e., AC restricted to countable families.
Proof. (1) ⇒ (2) Let (X n ) n∈N be a countable family of non-empty sets. Assume without loss of generality (cf. the proof of Proposition 1.1) that every X n is Dedekind-infinite. Thus, for each n ∈ N, the sets X n and Y n = X n ∪ {0, 1} have the same cardinality. Consequently the Alexandroff one-point compactifications X * n = X n ∪ {a n } and Y * n = Y n ∪ {b n } of the discrete spaces X n and Y n are homeomorphic. Thus, by CProd(comp T 2 ) there exists a homeomorphism h :
subspace of n∈N X * n which is homeomorphic to the Cantor-space and thus uncountable, but contains a countable dense
of n∈N X * n has the property that the closure of every countable subset of C m is again countable. Consequently, for each m ∈ N, the set {n ∈ N | d n / ∈ C m } is non-empty and hence contains a smallest member n(m). Denote by π n : k∈N X * k → X * n the nth projection and define a map f : N → N by f (m) = min n ∈ N m < n and π n (d n(m) ) = a n .
is non-empty. Thus PCC, the axiom of partial countable choice, and consequently (see, e.g., [3, Theorem 2.12(3)]), CC hold. 2. Prod(fin T 2 ), i.e. Prod restricted to finite Hausdorff spaces.
3. AC(fin), i.e., AC restricted to finite sets X i .
Proof.
(2) ⇒ (3) Let (X i ) i∈I be a family of non-empty finite sets X i . For each i ∈ I , let n(i) be the number of elements in X i , and let Y i be the discrete space with underlying set {1, 2, . . . ,n(i)}. Then, for each i ∈ I , the discrete spaces with underlying sets X i and Y i are homeomorphic. Since i∈I Y i = ∅ -obviously the point (1) i∈I belongs to i∈I Y i -condition (1) implies that i∈I X i = ∅.
(3) ⇒ (1) ⇒ (2) Obvious. 1. AC(n), i.e., products of non-empty sets with at most n points each are non-empty.
2. If (X i ) i∈I and (Y i ) i∈I are families of topological spaces with n points each, and, for each i ∈ I, H i is a non-empty set of homeomorphisms X i → Y i , then i∈I H i = ∅.
Proof. We proceed by induction.
(1) For n = 0 and n = 1 the implication holds trivially.
(2) Assume that the implication holds for n, that AC(n + 1) holds, that (X i ) i∈I and (Y i ) i∈I are families of topological spaces with n + 1 points each and that for each i ∈ I , H i is a non-empty set of homeomorphisms X i → Y i . Let (x i ) i∈I be an element of i∈I X i . Then, for each i ∈ I , the set
Each of these has precisely n elements. Moreover, by construction, for each i ∈ I , the set K i of all restrictions h i |
Since AC(n + 1) implies AC(n) and the implication (1) ⇒ (2) holds for n, we obtain i∈I K i = ∅. Let (k i ) i∈I be an element of i∈I K i . If we define for each i ∈ I , a map
Corollary 1.11. If for some n ∈ N, AC(n) holds and if (X i ) i∈I and (Y i ) i∈I are families of topological spaces with n points each such that each X i is homeomorphic to Y i , then there exists a family (h i ) i∈I of homeomorphisms h i : X i → Y i . Corollary 1.12. If, for some n ∈ N, AC(n) holds and if (X i ) i∈I and (Y i ) i∈I are families of topological spaces with at most n points each such that each X i is homeomorphic to Y i , then there exists a family (h i ) i∈I of homeomorphisms h i :
Proof. For each natural number m with m n consider the set
An application of Corollary 1.11 to each of the families (X i ) i∈I(m) and (Y i ) i∈I(m) yields the desired result, since the set {m ∈ N | m n} is finite. 2 Corollary 1.13. If for some n ∈ N, CC(n), i.e., the restriction of AC(n) to countable families, holds, and if (X i ) i∈I and (Y i ) i∈I are countable families of topological spaces with at most n points such that each X i is homeomorphic to Y i , then there exists a family (h i ) i∈I of homeomorphisms h i : X i → Y i .
Proof. Immediate from the preceding proofs. 2 Remark 1.14. The above Lemma 1.10 and its corollaries generalize Lemma 2.4 of [4] . Proposition 1.15. For each positive natural number n the following statements are equivalent:
